Solitons play a fundamental role in dynamics of nonlinear excitations. Here we explore the motion of solitons in one-dimensional uniform Bose-Einstein condensates subjected to a spin-orbit coupling (SOC). We demonstrate that the spin dynamics of solitons is governed by a nonlinear Bloch equation. The spin dynamics influences the orbital motion of the solitons leading to the spin-orbit effects in the dynamics of the macroscopic quantum objects (mean-field solitons). The latter perform oscillations with a frequency determined by the SOC, Raman coupling, and intrinsic nonlinearity. These findings reveal unique features of solitons affected by the SOC, which is confirmed by analytical considerations and numerical simulations of the underlying Gross-Pitaevskii equations. [1] [2] [3] [4] [5] [6] [7] [8] [9] . In the experiments, both bright and dark solitons have been successively created in atomic BEC [1, [10] [11] [12] [13] [14] . On the other hand, the successful realization of the artificial spin-orbit coupling (SOC) in binary BEC [15] [16] [17] [18] has stimulated intensive studies on novel SOC-induced effects [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . In particular, a variety of solitons species, such as stripe modes, 2D composite solitons, and half-vortex gap soliton have been predicted in the condensates combining the SOC, which is a linear interaction, and the intrinsic collisional nonlinearity [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] .
Solitons play a fundamental role in dynamics of nonlinear excitations. Here we explore the motion of solitons in one-dimensional uniform Bose-Einstein condensates subjected to a spin-orbit coupling (SOC). We demonstrate that the spin dynamics of solitons is governed by a nonlinear Bloch equation. The spin dynamics influences the orbital motion of the solitons leading to the spin-orbit effects in the dynamics of the macroscopic quantum objects (mean-field solitons). The latter perform oscillations with a frequency determined by the SOC, Raman coupling, and intrinsic nonlinearity. These findings reveal unique features of solitons affected by the SOC, which is confirmed by analytical considerations and numerical simulations of the underlying Gross-Pitaevskii equations. Solitons, which are generally realized as self-supported solitary waves, are among the most fundamental objects in the nonlinear science. With the realization of BoseEinstein condensates (BEC), matter-wave solitons have drawn enormous interest [1] [2] [3] [4] [5] [6] [7] [8] [9] . In the experiments, both bright and dark solitons have been successively created in atomic BEC [1, [10] [11] [12] [13] [14] . On the other hand, the successful realization of the artificial spin-orbit coupling (SOC) in binary BEC [15] [16] [17] [18] has stimulated intensive studies on novel SOC-induced effects [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . In particular, a variety of solitons species, such as stripe modes, 2D composite solitons, and half-vortex gap soliton have been predicted in the condensates combining the SOC, which is a linear interaction, and the intrinsic collisional nonlinearity [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] .
Soliton dynamics has been the subject of many studies carried out in various settings, including BEC [1] [2] [3] [4] [5] [6] [7] [8] [9] , nonlinear optics [53] [54] [55] [56] [57] [58] [59] , and others. In particular, it has been shown that harmonic trapping potentials induce motion of solitons in quasi-one-dimensional (1D) BEC [60] [61] [62] [63] [64] [65] . Due to the particle-like nature, the soliton dynamics differs essentially from the dipole mode of the non-interacting condensate loaded into the same potential. In particular, the oscillation frequency of trapped dark solitons differs by factor 1/ √ 2 from the trap frequency [60] . Here, we address the soliton dynamics in 1D BEC under the action of the Raman-induced SOC [15, 16] . Since the Raman transition can flip the spin along with inducing a finite momentum transfer, the evolution of the spin degree of freedom may be coupled to the spatial motion of solitons. This effect, if it can be made conspicuous enough, may be considered as the SOC at the level of the motion of a macroscopic quantum body, the matter-wave soliton. In this connection, it is relevant to mention a recent result showing that the SOC can induce anharmonic properties beyond the effective-mass approximation in collective dipole oscillations [16, 66, 67] . Yet the macroscopic SOC effects in the motion of solitons have not been explored before, to the best of our knowledge.
In this work we investigate the soliton dynamics in 1D uniform BEC influenced by the SOC. We find that an interplay of the SOC, Raman coupling, and nonlinearity induces precession of the soliton's spin S under the action of an effective magnetic field, which is governed by a nonlinear Bloch equation (12) . In turn, the spin precession couples to the orbital motion of the soliton via feedback onto its center-of-mass momentum, as shown below by equation of motion (15) for the center-of-mass coordinate, z . Thus, Eqs. (12) and (15) directly demonstrate the effects of the SOC on the 1D motion of the macroscopic quantum object.
In the presence of SOC, the dynamics of the quasi-1D BEC, elongated in the direction of z, is modelled by the mean-field Gross-Pitaevskii (GP) equation:
where ψ σ are the pseudo-spin components of the BEC macroscopic wave function, with σ =↑, ↓ labelling the spin states. These can represent, for instance, the hyperfine states |1, −1 and |1, 0 of 87 Rb atoms [15] . Herê
is a single-particle Hamiltonian which includes the Raman-induced SOC characterized by a strength λ, with Ω and δ describing, respectively, the frequencies of the Raman coupling and the Zeeman detuning. Here also V (z) = γ 2 z 2 /2 is an effective 1D harmonic trap potential, and γ ≡ ω z /ω ⊥ is the trap's aspect ratio, with ω z and ω ⊥ being the trapping frequencies along the longitudinal and transverse directions, respectively. The frequencies and lengths are measured in units ω ⊥ and a ⊥ = /mω ⊥ , respectively, and, as mentioned above, λ = k L a ⊥ represents the SOC strength, with k L being the momentum transfer. Note that, as the strengths of the inter-and intra-species atomic interactions are very close in the experiment, it is reasonable to assume SU (2)-symmetric spin interactions, with all components g σσ ′ taking a single value, g. To focus on the SOC effects on the dynamics of solitons, we first consider the free space, while the external trap will be discussed afterwards.
For λ = Ω = 0, the system reduces to a normal binary BEC without the SOC. In this case, Eq. (1) is known as the integrable Manakov's system which gives rise to well-known exact soliton solutions [68] . In particular,bright-bright (BB) solitons are ψ σ = (ηǫ σ / √ −g)sech(ηz) exp iη 2 t/2 for the attractive sign of the nonlinearity, g < 0, where η −1 is the soliton's width and ǫ σ satisfies the normalized condition,
. We use such exact soliton solutions as an initially prepared wave function, and then study the soliton dynamics as the SOC is switched on. Note that Eq. (2) is an effective single-particle Hamiltonian in the frame transformed via the local pseudo-spin rotation by angle ϑ = 2λz about the z axis [15, 16] . The transformation adds opposite phase factors, e ±iλz , to the two components of the input waveforms.
In the general case, the GP system (1) is no longer integrable.
Therefore we employ a variational approximation to investigate the soliton dynamics [5, 69] , based on Lagrangian
where H is the Hamiltonian density of the system. We first consider the attractive nonlinearity, with g < 0. In this case, we introduce the following variational Ansatz for BB solitons, with the total norm fixed to be 1:
where θ, η, ξ σ , k σ , ϕ σ are time-dependent variational parameters. Here θ determines the population imbalance between the pseudo-spin components, η −1 defines their common width, k σ is the wavenumber, and ϕ σ the phase. For the SU (2) atomic interactions, two-component solitons favor the mixed phase [70] . Hence the positions of spin up and down solitons will overlap, ξ ↑ = ξ ↓ = ξ, as confirmed by the numerical simulations below.
Inserting the Ansatz (3) into the Lagrangian and per- forming the integration, we obtain
where
The evolution of the variational parameters is governed by the corresponding Euler-Lagrangian (EL) equations, see the Supplementary material for details. Note that the EL equations produce simple results, η ≈ −g/2 and k − ≈ λ, in the case of a weak SOC, πλ << η. Indeed, in the absence of SOC, the relation η = −g/2 holds for the normalized wave function, indicating that the width of the solitons is determined by the nonlinearity, and k − remains equal to the initial relative momentum λ between the components of the soliton. Thus, we arrive at a reduced system of the EL equations, in which η and k − are considered as frozen quantities:
Here
of-mass coordinate,Ω ≡ Ωπ (λ/η) sinh (πλ/η), and φ ≡ 2ϕ − + 2k − z is the phase difference between the two components of the soliton. Thus, Eqs. (5)- (8) account for the nonlinear coupling of the center-of-mass momentum k + , phase difference φ, population imbalance θ, and center-of-mass coordinate z . We introduce a normalized complex-valued spinor, χ = (χ ↑ , χ ↓ ) describing the two-component wave function
is the total density, with |χ ↑ | 2 + |χ ↓ | 2 = 1. Furthermore we define the spin density S = χ T σχ, where σ ≡ {σ x , σ y , σ z } is a vector set of the Pauli matrices, we have {S x , S y , S z } = {sin(2θ) cos(2λz + 2ϕ − ),− sin(2θ) sin(2λz + 2ϕ − ), − cos(2θ)} ≡ {sin(2θ) cos φ, − sin(2θ) sin φ, − cos(2θ)} for the Ansatz given by Eq. (3). In terms of the soliton spin components, Eqs. (5)- (7) are then written aṡ
where c 1 ≡ λS z,0 , with S α,0 (α = x, y, z) being the initial values of the components. These equations of motion for the soliton's spin can be rewritten aṡ
This represents the Bloch equation for the spin precession under the action of the effective magnetic field, B eff . The macroscopic SOC for the soliton as a quantum body is determined by the effect of evolution of the spin on the soliton's longitudinal momentum, resulting in the coupled nonlinear dynamics of the soliton's spin and position. At the first glance, nonlinear terms in Eqs. (9)- (11) arise essentially from the SOC strength, λ. However, the atomic interactions also play a fundamental role, as in the no-interaction limit,Ω = 0, these equations reduce to the linear Bloch precession under a fixed effective magnetic field.
To tackle solutions of the nonlinear Bloch equation, we first integrate Eq. (9), dividing it by Eq. (11). This yields
z,0 is a constant determined by the initial conditions. Next, we focus on the case of δ = λc 1 , which implies a particular relation between the strengths of the Zeeman splitting and SOC, making the analysis more explicit. By differentiating Eq. (11), we then arrive at a standard equation of anharmonic oscillations for the single spin component,
where Ξ ≡ 4Ω(Ω − c 2 λ 2 ) may be positive or negative. Equation (13) has a usual solution [71] . The spin dynamics and centerof-mass motion of the soliton, generated by these simulations (circles), and by the variational approximation based on Eqs. (9)- (11) and (15) where cn is the Jacobi's cosine with modulus k, and τ is an arbitrary parameter taking values τ < 1/ |Ξ|. In the case of Ξ > 0, the linearized version of Eq. (13), which corresponds to τ → 1/ |Ξ| in Eq. (14) , gives rise to free Rabi oscillations with frequency √ Ξ. In the general case, the frequency given by solution (14) , ω osc = π/(2τ K(k)) exceeds √ Ξ due to the nonlinear shift, where K(k) is the complete elliptic integral. Note also that the nonlinearity may give rise to oscillations in the case of Ξ < 0, when the free Rabi oscillations are impossible.
Further, in the spin representation, Eq. (5) can be written ask + = −2λΩS y , which accounts for the effect of the evolution of the spin on the center-of-mass momentum. This leads to the following equation of motion for the center-of-mass coordinate:
In other words, if we consider the soliton as a macroscopic quantum body carrying the intrinsic angular momentum, Eq. (15) represents the driving force, exerted by the intrinsic momentum and acting on the linear momentum, which is literally the macroscopic SOC. We stress that the motion of the soliton differs from the collective dipole oscillations of BEC in a harmonic-potential trap under the action of the SOC, which is a wave effect. On the other hand, here we consider an effectively mechanical motion, which is produced by the interplay of the nonlinear selftrapping and SOC.
To illustrate the soliton dynamics in detail, we display, in Fig.1 , numerical solutions of Eqs. (9)- (11) and (15), with initially balanced populations in the two components, which corresponds to θ(t = 0) = π/4 and ϕ − (t = 0) = π/4. First, in Fig. 1(a) we show that the soliton spin moves along a closed orbit on the Bloch sphere. Accordingly, perfect periodic oscillations of the spin can be identified in Fig. 1(b) , and perfectly periodic linear motion of the soliton's central coordinate is seen in Fig. 1(c) .
To test these findings obtained in the variational (i.e., effectively mechanical) approximation, we numerically solved the GP system (1) with the input in the form of BB solitons,
and ψ ↓ = η/2 (cos θ 0 ) sech(ηz)e i(−λz+ϕ ↓,0 ) . In Figs. 2 (a)-(c), the density of the soliton's components exhibits remarkable periodic oscillations. Note that, although the initial momenta of the two components are opposite, the soliton does not split. In Fig. 2 (d) -(e), we show that the direct GP simulations agree very well with the variational (mechanical) approximation. For weaker atomic interactions, the simulations show that solitons decay under the action of SOC for πλ/η > (πλ/η) c ≈ 0.4, as shown in Fig.  2 (f)-(g) . We have also explored the evolution initiated by other inputs, such as, e.g., the initially polarized one with θ(t = 0) = π/2 and ϕ − (t = 0) = 0, and obtained a similar dynamical behavior (see the Supplementary material for details).
We stress that these results are relevant for λ ≤ √ Ω, where the spectrum of the single-particle Hamiltonian with the SOC terms has one minimum, and the evolution of the initial BB solitons is stable. At λ > √ Ω, the singleparticle spectrum develops two degenerate minima, and the initially prepared solitons gradually decay under the action of the SOC, as demonstrated by the GP simulations. Now, we proceed to the case of the repulsive BEC nonlinearity, which is more relevant to current experiments with SOC condensates [15] [16] [17] [18] . In this case, we introduce the following variational Ansatz for dark-dark (DD) solitons:
.
(16) Inserting the Ansatz (16) into the Lagrangian, one needs to renormalize the integrals to exclude divergent contributions of the nonvanishing background [72] [73] [74] [75] [76] . The analysis yields the same EL equations as Eqs. (6)- (8), but with η = g/2 for repulsive g > 0. We have also performed the respective direct simulations of the GP system with the initial conditions corresponding to the DD solitons, ψ ↑ = η/2 (sin θ 0 ) tanh(ηz)e i(λz+ϕ ↑,0 ) and ψ ↓ = η/2 (cos θ 0 ) tanh(ηz)e i(−λz+ϕ ↓,0 ) . The results are depicted in Fig. 3 , where the DD soliton displays oscillations similar to those reported above for the BB configuration. Note that the two components of the background alternately disappear and revive, as shown in Fig. 3 (a)-(b) .
In experiments, the condensate is usually trapped in a harmonic-oscillator potential, V (z) = γ 2 z 2 /2, which affect the motion of solitons [60] [61] [62] [63] [64] [65] . In this case, the EL equations for variational parameters k + and ξ are modified ask + = −2λΩS y + γ 2 /η ξ andξ = −k + η with η satisfying condition 4η 4 + 2gη 3 = π 2 γ 2 , cf. Eqs. (5) and (8) . For the quasi-1D cigar-shaped BEC in our case, ω z ≪ ω ⊥ , we have γ ∼ 0, and the effects of trapping potential may be neglected. On the other hand, for strong trap potentials, the soliton dynamics becomes quite complex, due to the strong coupling between the spatial inhomogeneity and SOC. This issue will be considered elsewhere.
Finally, we discuss some related experimental issues. So far, the Raman-induced SOC has been realized for the BEC in the 87 Rb gas with repulsive atomic interactions. The corresponding ratios of the scattering lengths, a ↑↑ : a ↑↓ : a ↓↓ = 1 : 1 : 1.005 [15] , corroborate our assumption of equal interaction strengths. In this case, the DD solitons can be created by means of the phase-and density-engineering techniques [12] . We consider an elongated condensate made of ∼ 10 4 atoms under trapping frequencies ω ⊥ = 2π × 2.7 kHz and ω z = 2π × 26 Hz. The recoil momentum k L can be adjusted by the angle between the two incident Raman beams. For example, for the 804.1 nm Raman lasers intersecting at angle 20
• , the above parameters give rise to the oscillatory motion of the DD soliton with a period ∼ 10 ms and an amplitude ∼ 1 µm.
In summary, we have shown that the interplay of the SOC (spin-orbit coupling), Raman coupling, and intrinsic nonlinearity in quasi-1D BEC may realize the mecha- √ Ω, δ = λc1 = λ 2 , and g = −10. The spin dynamics and center-of-mass motion of the soliton, generated by these simulations (circles), and by the variational approximation (solid lines) are depicted in panels (d)-(e). Panel (f) displays the track of the spin density on the Bloch sphere.
